A simple set of algebraic equations is derived for the exact low-temperature thermodynamics of 
energy physics of the gapless phase described by a Tomonaga-Luttinger liquid (TLL) [1] , as recently revealed in experimental measurements on the thermodynamics of spin ladder materials [2] . In such systems magnetic fields drive phase transitions between gapped and gapless phases. In the gapless phase spin excitations (spinons) carrying spin-1/2 give rise to universal TLL thermodynamics.
On the other hand, exquisite control over the effective spin-spin interaction between cold atoms [3] has provided a new opportunity to rigorously test spin liquid behaviour via trapped fermionic atoms with higher spin symmetry [4, 5, 6, 7] . In particular, fermionic alkalineearth atoms display an exact SU(N) spin symmetry with N = 2I + 1 where I is the nuclear spin [8] . For example, I = 9/2 for 87 Sr and I = 5/2 for 171 Yb. Such fermionic systems with enlarged SU(N) spin symmetry are expected to display a remarkable diversity of new quantum phases due to the existence of multiple charge bound states.
We derive the universal thermodynamics of the gapless phase in strongly attractive 1D fermions with N-component hyperfine states. We thus find that population imbalances controlled by Zeeman splitting can be used to explore and control multi-component TLL physics in 1D interacting fermionic gases with SU(N) spin symmetry. The universal crossover from the regime of a relativistic multi-component Luttinger liquid to a nonrelativistic quantum critical regime is determined from the specific heat phase diagrams.
In principle, the thermodynamic Bethe ansatz (TBA) can provide the exact thermodynamics of such systems. However, the TBA involves an infinite number of coupled nonlinear integral equations which hinders access to the thermodynamics from both the numerical and analytical points of view [9, 10] . To overcome this obstacle, a method was proposed to analytically obtain thermodynamic quantities of the two-component attractive Fermi gas [11] .
We build on this approach to reduce the multiple charge bound state TBA for attractive 1D fermions with arbitrary SU(N) spin symmetry to a set of simple algebraic equations to provide universal and exact low-temperature thermodynamics of the model.
The model. We consider a system of N f interacting fermions of equal mass m which may occupy N possible hyperfine levels (|i , i = 1, . . . , N) labeled by N isospin states and constrained by periodic boundary conditions to a line of length L. The Hamiltonian [12, 13] is Ground states. The energy eigenspectrum is given in terms of the fermion quasimomenta {k i } satisfying the Bethe ansatz equations (BAE) [12, 13] by E = For strong attraction (|γ| ≫ 1) these charge bound states are stable and the system is strongly correlated. The corresponding binding energies of the charge bound states are given by ǫ r = 2 c 2 r(r 2 − 1)/(24m). Solving the BAE with strongly attractive interaction, the ground state energy E ∞ 0 per unit length in the thermodynamic limit is given explicitly by (in units of
Here n r = N r /L and we have defined the functions
where θ(x) is the step function.
The general result (2) for arbitrary N unifies and extends known results [14, 15, 16] for isospin S = 1/2, 1 and 3/2. Furthermore, we find that the low-lying excitations are described by the linear dispersion relations ǫ
r ) with r = 1, . . . , N are the velocities for unpaired fermions and charge bound states of r-atoms. We denote the corresponding Fermi momentum by k r F . These dispersion relations lead naturally to the universal form [17, 18] for finite-size corrections to the ground state energy
The central charge C = 1 for U(1) symmetry. Here the universal finite-size corrections (4) indicate the TLL signature of 1D many-body physics [1] .
Quantum phase transitions. At finite temperatures, the equilibrium states are determined by the minimization of the Gibbs free energy [20] , which gives rise to a set of coupled nonlinear integral equations -the TBA equations [21] . The TBA equations provide not only finite temperature thermodynamics but also the band fillings with respect to Zeeman splittings and chemical potentials which may be conveniently used to analyze quantum phase transitions at zero temperature. From the TBA equations, we find that complete phase diagrams at zero temperature are determined by the independent external field-energy transfer relations 
for r, ℓ = 1, . . . , N. I is a unit vector. The energy transfer relations (5) For pure Zeeman splitting, if the external field H is less than a lower critical field H c1 , a molecular superfluid phase of spin-neutral bound states forms the ground state. We find the value
at which the spin gap is diminished. Here Q = N −1 j=1
. On the other hand, when H > H c2 , where
the system is fully-polarized into a normal Fermi liquid. For the intermediate regime H c1 < H < H c2 spin-neutral bound states of N-atoms and unpaired fermions coexist.
The magnetization gradually increases from m z = 0 to its normalized value m z = 1 as the field increases from H c1 to H c2 (see the solid line Fig. 2 ). More subtle phases may be explored using the energy-transfer relations (5) by controlling the nonlinear Zeeman splitting parameters, e.g., the BCS pairing phase (see Fig. 1 ) by setting ∆ 2 1 = h 1 and ∆ a+1 a = h 2 for a = 2, N − 1. All phase transitions are of second order with a linear field-dependent magnetization in the vicinity of critical points due to the condition of fixed total particle number. The thermodynamics at finite temperatures can thus be obtained from the set of algebraic in the channel of the spin-s charge bound state [21] . However, because it is a spin singlet, there is no such effective spin-spin interaction for the spin-neutral bound state of N-atoms, 
becomes exponentially small as T → 0.
The suppression of spin fluctuations leads to a universality class of a multi-component TLL in each gapless phase, where the charge bound states of r-atoms form hard-core composite particles. In order to see this universal TLL physics, we calculate the leading low temperature corrections to the free energy by using Sommerfeld expansion with the TBA equations to give
This result is consistent with the finite-size correction result (4). In the above equation
r=1 n r H r . This result proves the existence of TLL phases in 1D gapped systems at low temperatures. Although there is no quantum phase transition in 1D manybody systems at finite temperatures due to thermal fluctuations, the existence of the TLL leads to a crossover from relativistic dispersion to nonrelativistic dispersion between different regimes at low temperatures [19] . Nevertheless, we find that such a field-induced multicomponent TLL only lies in a small portion of Zeeman parameter space. Linear Zeeman splitting may result in a two-component Luttinger liquid in a large portion of Zeeman parameter space at low temperatures.
The thermodynamics of the gapless phase for the model (1) can be analytically calculated with linear Zeeman splitting, i.e. with ∆ a+1 a = H for a = 1, . . . , N − 1. In the regime H c1 < H < H c2 the TBA equations (10) reduce to two coupled equations forμ (1) andμ (N ) .
The rest of the effectiveμ (r) = 0. From these two equations, we can obtain the density n = ∂p/∂µ, magnetization m z = ∂p/∂H and free energy f = µn − p by iteration. Fig. 2 shows the magnetization for attractive three-component fermions with a pure Zeeman field at different temperatures. We see that the linear field-dependent phase transitions in the vicinity of the critical points are smeared.
The analytic results (10) and (11) 
